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Abstract. We investigate covariant first order differential calculi on the 
quantum complex projective spaces CP^~^ which are quantum homoge- 
neous spaces for the quantum group SUg(A''). Hereby, one more well-studied 
example of covariant first order differential calculus on a quantum homoge- 
neous space is given. Since the complex projective spaces are subalgebras 
of the quantum spheres S,^"^ introduced by Vaksman and Soibelman, we 
get also an example of the relations between covariant differential calculus 
on two closely related quantum spaces. 

Two approaches are combined in obtaining covariant first order differ- 
ential calculi on CP^"'^: 1. restriction of covariant first order differential 
calculi from S^^"^; 2. classification of calculi under appropriate constraints, 
using methods from representation theory. 

The main result is that under three reasonable settings of dimension 
constraints, covariant first order differential calculi on CP^~^ exist and are 
(for A'' > 6) uniquely determined. This is a clear difference as compared to 
the case of the quantum spheres where several parametrical series of calculi 
exist. For two of the constraint settings, the covariant first order calculi on 
QpAT-i ^jg^ obtained by restriction from calculi on S,'^"^ as well as 
from calculi on the quantum group S'Uq(N). 



1. Introduction 

During the last decade, covariant differential calculus on quantum groups has 
been under intensive investigation. One main reason for this interest is that 
quantum groups are important examples of noncommutative geometric spaces, 
equipped with a rich additional structure. The description of differential calculus 
on them is an indispensable prerequisite for any analysis of their geometric 
structure. 

Fundamental concepts of covariant differential calculus on quantum groups 
have been introduced in the work of Woronowicz Covariant first order 

differential calculi on quantum groups have been constructed; bicovariant first 
order differential calculi on the most important quantum groups have been clas- 
sified (^, 1^. Higher order differential calculus has been studied Q, and basic 
concepts of differential geometry on quantum groups have been established. 

Quantum spaces for quantum groups, and in particular quantum homoge- 
neous spaces, are a wider class of noncommutative geometric spaces which still 
have a rich algebraic structure that can hoped to be helpful in investigating 
their geometric properties; they are in many aspects close to quantum groups. 
However, unlike for quantum groups, one is still far from having a comprehen- 
sive view on differential calculus on quantum homogeneous spaces. Only a small 
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number of examples have been studied in detail — apart from quantum vector 
spaces which have a comparatively simple structure, we should mention firstly 
Podles' quantum spheres for which a classification of covariant first order dif- 
ferential calculi was given in |||]. First order differential calculi on the quantum 
spheres Sg^~^ as introduced by Vaksman and Soibelman [10| has been clas- 
sified by the author in a previous paper [0], |12]. The construction of these 



calculi by restricting covariant calculi from the quantum group SUg(A^) has been 
investigated in 

In this paper, we want to study the quantum projective spaces CP^~^ which 
are, as S^^"^, quantum homogeneous spaces for the quantum group S\J q{N), 
and which are in close relation to the quantum spheres. With this investigation, 
one further well-understood example of covariant first order differential calculus 
on a quantum homogeneous space is provided; moreover, the close relationship 
between CP^~^ and Sg^~^ allows to ask how this relationship is reflected in 
the differential calculus. It is hoped that this work will contribute to a deeper 
understanding of covariant differential calculus on quantum homogeneous spaces 
since the study of a number of particular examples with different properties 
forms the ground on which more general constructions for differential calculi on 
quantum spaces and further theoretical work could be based. 

2. The Quantum Projective Spaces CP^^^ 

To start with, we need to recall some basic definitions on quantum spaces. 
Our terminology essentially follows 

Suppose ^ is a Hopf algebra with comultiplication A and counit e. A pair 
{X, Ar) consisting of a unital algebra X and an algebra homomorphism Ar : 
X ^ X 1^ A is called a quantum space for A if (Ar id) Ar = (id ® A) Ar and 
(id (gi e)AR = id. Then, Ar is called (right) coaction of A on X. A quantum 
space {X, Ar) (or simply, X) for ^ is a quantum homogeneous space for A if 
there exists an embedding l : X ^ A with Ar = Aoi, i. e. X can be considered 
as a sub-algebra of A with the coaction being the restricted comultiplication. 

For our example, the deformation parameter q will always be a real number, 
q ^ 0, ±1. Further, N is a natural number, N > 2, parametrising the dimen- 
sion of the underlying quantum group SUg(A^). Throughout the following, the 
R-matrix R which describes the commutation relations of the quantum group 
SUg(iV) III, ||], will play an important role. This is an invertible iV^ x N'^- 
matrix with R~ := R — {q — q~^)I as its inverse, where / is the N"^ x A^^ unit 
matrix. The entries of R are given by 



^kl 



1 iox i = 1 ^ k = j, 

q for i = j = k = I, 

q — q~^ for i = k < j = I, 

otherwise. 



For abbreviation, we shall also use the following matrices which are derived from 
these fundamental ones: 

^kl — -"ji' ^kl — 9 ^ifc' ^kl — ^Ij ' 
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^ kl ■- ^ ji^ ^ kl ■- 9 ^ ik^ ^ kl ■- ^ Iji 

il-ijkl ■— ^ ab^ic -^jk^vU U- ijkl ■— ^ ab^ ic^jk"vli 

fyStuv jy—tu jjbv r)ac ^ . f)~ stuv f}—tuf}—bvT}CiCir 

{l-ijkl •—-ft ab^cl^jk'^si, U ijkl ■— ^ ab^ d^jk'^si- 

Finally, we define 

N-l 

5+ .— 2_^q , s_,_ .— s+ - i, s_,_ .— s_,_ - g , s_,_ .— s_,_ - g , s_,_ .— s_,_ - g . 

1=0 

We can now define the quantum projective spaces to be considered here. 
These are also given in |Q, 11.6]. Let CP^~^ be the algebra with A^^ generators 
Xij, I < i, j < N , and relations 

N 

f)~ stuv —1 j^stuv 

-iJ ijkl -^st^uv — Q ^ij^kh -llijkl ^st^uv — Q^ij^kh / ■^ii — 

i=l 

N 

The further relation J2 Q^'^'^^ij^jk = a^ifc is implied by these ones. The algebra 

QpV-i equipped with a ^-structure by letting (xjj)* := Xji. By the 

embedding l : CP^""*^ — > SUg(A^), Xij i— > uj{u^)* = ujS{u{) where are the 
A^^ coordinates, and S the antipode map of SUq(A^), CP^~^ becomes a quantum 
homogeneous space for S\Jq{N), with the coaction A^^{xij) = Yl^ki (E> u'^ S {uj) . 

k,l 

We shall call CP^~^ quantum projective space. 

The quantum space CP^~^ can be embedded as a quantum homogeneous 
space — i.e. respecting its algebra structure and SUg(A^)-coalgebra structure — 
into the quantum sphere S^^~^ which has been studied in ||5|, [0], Q, ||ll|. 
The embedding is given by Xij i— > ZiZ* where Zi, z* , 1 < i < N , are the algebra 
generators of Sg^~^. 

Note that in the literature there exist two different versions of quantum pro- 
jective space. The one used here belongs to a one-parameter series of quantum 
projective spaces Bg described in |^, 11.6]. 

3. First order differential calculus 

The following definitions concerning differential calculus are again in con- 
cordance with, 1^, [||. By a first order differential calculus on an algebra X 
we shall mean a pair (F, d) of a bimodule F over X and a linear mapping 
d : X ^ F fulfilling Leibniz' rule d{xy) = {dx)y + x{dy) for all x,y & X, and 
F = Linjxdy \ x,y G X}. The elements of F are called one-forms. 

We call a first order differential calculus (F, d) on a quantum space {X, Ar) 
for A (right) covariant if there exists a linear mapping <I>r : F — > F (gi ^ which 
satisfies the identities ($r id)$R = (id (g) A)<i>R; (id (g) e)<I>R = id; ^^{xujy) = 
AR(x)^>R(u;)AR(y); $R(dx) = (d id)AR(2;) for all x,y e X, to eT. Those 
one-forms uj for which the identity AR(a;) = a; ® 1 holds are called invariant. 
Remember that in the description of bicovariant differential calculi on quantum 
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groups, invariant one-forms play a central role since essentially all one- forms 
can be described by using only left- (or right-) invariant forms. On quantum 
homogeneous spaces there exist usually not enough invariant one-forms to enable 
a similar description; nevertheless, they still are of great significance for the 
differential calculus. 

We mention that if X is a *-algebra then the notion of a *-calculus can be 

introduced: (r,d) is a *-calculus if Yl ^k^^Uk = for Xk,yk G X always implies 

k 

Y d{yl)xl. = 0. However, in this paper *-calculi won't play an important role. 

k 

From the definition of a covariant differential calculus and from the relations 
of the algebra CP^~^ it is clear that in any covariant first order differential 

N 

calculus on CP^~^, the one-form O = q'"^^ Xijdxji is invariant (it might, 
however, be zero). 

4. Covariant differential calculi on CP^^^ 

In this paper, two approaches will be used to obtain covariant first order 
differential calculi on the quantum projective spaces. 

The first way is based on restricting differential calculi on S^^^^ to the sub- 
algebra CP^~^. Differential calculi on S^^"^ have been classified in under 
suitable settings for the classification constraints. In order to find out which of 
the calculi listed there can be restricted to CP^~^, one tries to calculate the 
bimodule structures of restricted calculi. To this purpose, expressions of the type 
dx ■ y with x,y € CP^~^ need to be transformed into left-module expressions 
using the bimodule structure of a Sq^~^-calculus. The crucial question then 
is how to recognise which expressions on the right-hand side can be written in 
terms of CP^~^ only. Moreover, the left-module relations which may hold in 
the module of one-forms over CP^~^ have to be described. Up to this point, 
we have no effective algorithm to solve these two problems. 

The second approach consists in direct classification of covariant first order 
differential calculi on CP^~^ under appropriate algebraic constraints, using rep- 
resentation theory similarly as done for Podles' quantum spheres in Q or for 
the Vaksman-Soibelman quantum spheres in However, choosing appropri- 
ate constraints turns out more difficult than in the case of, e.g., the quantum 
spheres S^^"^. One frequently used constraint setting requires the differentials 
of the algebra generators to generate the bimodule of one-forms as a free left 
module. Unlike for many other examples, this standard setting is obviously 
inadequate here from a geometrical point of view since the dimension of the 
differential calculus would then be much higher than that of the algebra itself. 
Although we are going to consider this setting, we shall look for more appro- 
priate constraints. These should at one hand be some kind of a natural choice 
while on the other hand they should reduce the dimension of the differential 
calculus such that it becomes close to that of the underlying quantum space. 

Fortunately, a combination of the two approaches makes it much easier to 
overcome the difficulties in both of them. The consideration of co-representations 
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which is the first step in following the classification strategy, leads to a precise 
knowledge about the types of expressions that may occur in the bimodule struc- 
ture of covariant first order differential calculi on CP^~^. Thus, it is much easier 
to decide whether restricting a given Sg^~^ calculus leads in fact to a differential 
calculus on the sub-algebra. On the other hand, if some differential calculi on 
QpV-i obtained by restricting calculi from the quantum spheres, the 

relations which hold in these calculi will give evidence which type of algebraic 
relations should be introduced into the classification constraint. 

Nevertheless, the proof of the classification results still involves rather com- 
plicated calculations which require the aid of computer algebra. 

4.1. First result: restriction of calculi from the quantum spheres. 

In differential calculi on the quantum spheres S^^"^ were classified. Two 
different classification constraints were applied. (The classification is complete 
for > 4 but all calculi described exist for N > 2, too.) We recall the main 
results: There are four families r^r, T^^, F^^, T"J^ of covariant first order differ- 
ential *-calculi with {dzi, . . . , dzN, dz^L > • • • > dz^} as a free left module basis for 
the bimodule of one-forms. Each has two real parameters, with the exception 
of certain parameter pairs for T'^^ with non-real a which we shall not include in 
our consideration. Further, there are three families Fa, F'^^, T'^ of covariant first 
order differential *-calculi, each with one real parameter, for which the bimodule 
of one-forms is generated as a left module by {dzi, . . . , dzN, dz*, . . . , dz^} and 
for which all algebraic relations in the left module of one-forms are generated by 

TV TV 

one relation ^ Zjdz? + A ^ q~'^^z*dzi = 0. (We restrict ourselves to *-calculi 

i=l i=l 



here, leaving aside F* and F".) The equations taken verbatim from ||ll| which 
characterise the bimodule structure of these calculi, are given in section ^, equa- 
tions (p|)-([lO|). We can now state our first result. 

Theorem 1. Each of the covariant first order differential *-calculi F^,-, T'^^, 
T'^jp, T'^^, Tx, T'^, T'^ on Sg^~^ can be restricted to a covariant first order 
differential calculus on CP^~^. All of the calculi Tar, and T'^ yield the 
same restricted calculus F while all of the calculi F^^^, T^^, Fa and T\ lead 

to the same restricted calculus T, independent on the values of all parameters 
involved. 

In T, all relations in the left module of one-forms are generated by the set of 
relations (1 < i, j < N ) 

s=l a=l ^+ 

The bimodule structure of F is given by 

N 

r\rr..,r, , — n'"^ \^ xyzw f^-tu f)~ sh ncv i 
uj^jjOz/c/ — y Z—^ '^jk^ bc^^ za^^aw'^xy^st'^-^uv 

a=l 
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3 5si™>p 2,/; _q x.,^..n 

w=l ^+ 

/n r, a// relations in the left modules of one-forms are generated by the set of 
relations (I < i, j < N ) 

N N 

dxij = q'^Yl I'^'^is^^sj + Yl R'tR'iaK'jXstdxuv; = 0. 

s=l a=l 

The bimodule structure of T is given by 

N 

A^..^, , — „-2 r,-xyzw h-tun-sh hcv i 
uxjjXfe; — y Z—^ '^jkl bc^'' za^'^aw^xy^ sf^-^uv 

a=l 

N 

3 fjStuv —2w J 

' Q fl'ijkl / J Q XstXuw^^wv 

10 = 1 

Remarks: 1. Note that the first group of relations and the bimodule structure 

of r are obtained from the relations and bimodule structure of F just by inserting 

the additional relation = 0. Thus, the calculus F is obtained by factorising F 
by this relation. 

2. It was proved in [|| that the calculi Fa and T'^2n+2 on S^^~^ are restrictions 
of covariant (as for T'^2n+2, even bicovariant) first order differential calculi on 
S\]q{N). Since restriction of F^ to CP^~^ yields f , while r^'2jv+2 can be re- 
stricted to F, both f and F are even restrictions of covariant differential calculi 
on SUg(iV)." 

4.2. Second result: direct classification. For a classification of covariant 
first order differential calculi on the quantum projective space CP^~^, we need 
a plausible constraint setting which should essentially consist of a dimension 
restriction for the bimodule of one-forms. We shall consider three settings for 
the classification constraint. First, we require that the bimodule of one- forms 
be generated by dxij, 1 < i,j < N, 7^ {N,N) as free left module basis. As 
stated above, this constraint does not make much sense from the geometrical 
point of view since it means that the module of one-forms needs to be of far 
higher dimension than the underlying algebra itself. We consider this setting 
mostly for algebraic completeness since this type of condition is the starting- 
point for all other types of dimension condition taken into consideration. 

The other two settings — which are supposed to be of geometrical relevance — 
are motivated by Theorem ||. We suppose that the differential calculi obtained 
by restriction of calculi from S^^"^ have appropriate dimension. Therefore, we 

choose the relations found in the calculi F and F as "templates" for our second 
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and third constraint setting; the actual constraints are obtained by allowing the 
coefficients in the relations to vary. 

It turns out that allowing the coefficients to vary is in fact no essential gen- 
eralisation because the values taken by the coefficients in the relations of the 

restricted calculi T and T are the only possible ones; finally, covariant differen- 
tial calculi exist and are uniquely determined under all three constraints. The 
following theorem states our classification results for all these settings. 

Theorem 2. 

(i) There is a covariant first order differential calculus (F, d) = (T, d) on 
CP^-i for which {dxij I i,j = I, . . . , N; {i, j) / {N,N)} is a free left 
module basis of T . If N > 6, then (T,d) is the only differential calculus 
with this property. The himodule structure o/(r,d) is given by 

dXij ■ Xkl = 9 R ijkl ^stdx^^ + qR^ji^i XgtdXuv ~^ R wxyzS-ijkl ^stdXuv 
N N 

10 = 1 10 = 1 

N 



q ^ R l^R f^R'^iXijXstdxuv 

a=l 
N 

^Rl^^rR~tR-faK>^y^stdXuv + {q' + 1)x,,xhO 



a=l 

(ii) For N > 6, there is exactly one covariant first order differential calculus 
(r,d) on CPf-i for which {dxij \ i, j = I, . . . , N; / iN,N)} gener- 
ates T as a left module, and for which all relations in the left module T are 
algebraically generated by the set of relations (1 < i, j < N ) 

N N 
dxij = AY^ q-^'xisdxsj + bY^ R^l^'^R^taRaj^stdXuv 
s=l a=l 

+ CxijQ. + D6ijq^^n 

for some fixed coefficients A, B, C, and D. This is the calculus (r,d) = 
(f ,d) from Theorem\^ with 

A = q'- B = q-'; C = ^ = 

(iii) For N > Q, there is exactly one covariant first order differential calculus 
(r,d) on CPf^i for which {dxij \ i, j = I, . . . , N; ^ {N,N)} gener- 
ates T as a left module, and for which all relations in the left module T are 
algebraically generated by the set of relations (1 < i, j < N ) 

N N 

dx^j = aY, q-^'x,sdxsj + bY, R-\iR-tK,x,tdx^,- n = 

s=l a=l 
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for some fixed coefficients A, B. 
Theorem ^ with 



This is the calculus (F, d) = (F, d) from 



A 



q 



B 



q 



Remarks: 1. It is easily seen that, like T from F, even F (and thus, F) is obtained 
from F by factorisation because the bimodule structure of F turns into that of 
F if simply the set of left-module relations of f is imposed. 
2. All differential calculi discussed exist for > 2. For the second and third 
case this is part of the statement of Theorem ||, so it had to be stated explicitly 
here only for case [i]. However, the uniqueness is guaranteed only for > 6; 



the reasons will become clear from the proof (see sections ^ and ^). 

5. Representation theory 

We start by investigating corepresentations of the quantum group SUq(A') 
on CP^~^. By the coaction Ar, a corepresentation of S\Jq{N) on CP^~^ is 
given which decomposes into summands corresponding to invariant vector spaces 
V{k), k = 0,1, . . . Here, V{k) is the vector space of homogeneous polynomials 
which is generated by precisely those monomials of degree k in the generators 



which are not reduced to lower degree by the algebra relations of CP, 



Xij 

We denote by 'ir{k) the corepresentation of SUg(A^) on V{k). 

Since q is not a root of unity, the representation theory is essentially identical 
to the classical case — see |Q — and the decomposition of corepresentations into 
irreducible summands can be described by means of Young frames, cf. ||2|. We 
shall use this notation in the following, denoting the trivial corepresentation 
by (0). 

The bimodule structure of any covariant first order differential calculus needs 
to be formed by intertwining morphisms T G Mor((7r(l) + '/r(O)) (8> (7r(l) + 
■K{0)),TT{k) (g) (vr(l) + 7r(0))). (Note that the vector space generated by Xij, 
1 < i,j < N, is V{0)(BV{1).) 

We show the calculations with Young frames for N = 5. For other A^ > 4, the 
calculations are analogous, while for A^ = 2, A^ = 3 additional coincidences of 
Young frames and, thus, irreducible summands have to be observed, spoiling the 
uniqueness argument in these cases. We shall have to sharpen the requirement 
even to A" > 6 because of a linear independence argument used later. 

Starting from 7r(0) = (0) and 7r(l) = P , one calculates successively 7r{k) 

and ■K(k) (g) {it{1) + vr(0)). A; = 0, 1, ... ; note that Tr{k + 1) is obtained from 7r(/c) 
by cancelling all those summands from ■K{k) (g) (vr(l) + 7r(0)) which correspond 
to invariant subspaces annihilated by the algebra relations of CP^~^. 



7r(0) = (0), 



vr(l) = R 



7r(2) 



7r(3) 



in 



7r(l) + 7r(0)) ® (7r(l) + 7r(0)) = m + |po+ma + p+ 4P + 2(0); 
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7r(0) ® (7r(l) + 7r(0)) = P +(0), 

7r(l) «) (^(1) + ^(0)) = mn + |ii + m + p+ 3m+(o), 
7r(2)0(7r(l)+7r(O)) = 



in -I- mill + 



+ 



=■ + 



n 



+ 



7r(3) (7r(l) + 7r(0)) 











MM 
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1 



































1 











=° +2 



in 



+ + 



p + 



By comparing these decompositions, it is found that Tr{k) (7r(l) + 7r(0)) has 
two summands in common with (7r(l) + 7r(0)) ^ (7r(l) + 7r(0)) for k = 0, five 
for k = 1, four for k = 2, one for k = 3, and none for higher k. Taking 
into account the multiphcities of all these summands — e.g. occurs with 

multipUcity 4 in (7r(l) + 7r(0)) ® (7r(l) + 7r(0)), and 5 in ^ 7r(A;) O (7r(l) + 7r(0)), 

fc 

allowing for 20 independent subspace mappings — it can be seen that up to 33 

N 

morphisms can occur. Because of the necessary condition ^ dxu = some of 

i=l 

the summands vanish automatically, and we are left with a general ansatz for 
the bimodule structure of a covariant differential calculus on CP^~^ containing 
27 morphisms, namely 

dxijXki = aiXijdxki + ij^iXstdx^v + a^glj^i Xstdxuv 
+ a4{RR)tjkiXstdxuv + a^djkYl q~'^''xisdxsi 



+ ae5jkER~lcR~faK>stdxuv + a7Rf,R-f,Rl^^q--''x,tdxty 

a t 

+ asERabR'tcRtfR'ti^stdxuv + agSjkSiiq-^^n 



(1) 



+ ei6ijq-'^^q-''xksdxsi + ea^i^g-'^E^'fec^'fa^a/a^^tdx^^ 

s a 
+ esSkiq-^'^^q-^'XiAxsj + e45kiq-''''ER~tR~faRTjXstdxuv 

s a 
+ flSjkdxu + f2RfkR-TaRudXsv + fsSijq-^'dXkl 

+ hSkiq'^'^dxij + h6ijdkiq-^^-^''n 

dxsi + b2Rijki X] Q '^^XstXuwdxwv 

s w 

+ hJ2R~b^R~k'aRnlXijXstdXuv + hUijkl R~b^R~faRmvXxyXstdXy 
a 

+ b55jkXijn + hRfkR-faR^iXsv^ 

+ gAjq'^^Xki^ + g2Skiq~^''xijQ + cxijXkiQ. 
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In case of the "free" classification constraint, i.e. if dxij, / {N,N) are 

supposed to be a free left module basis for F, all morphisms are independent. 
If left-module relations among the dxij are admitted, some summands become 
superfluous, resulting in an ansatz with less than 27 coefficients. 



6. Proof of the theorem on restricted calculi 



In ^Jj, we mentioned the classification results on covariant first order dif- 
ferential *-calculi from We want to state first the systems of equations 
describing the bimodule structure of these differential calculi. Note that we use 

N N 

the abbreviations := Yl '^i^z* and := X] (T'^^^tdzi for the two basic 

i=l i=l 

invariant one-forms. In the first four families, the dzj and dz*, i = 1,. . . ,N, 
form a free left-module basis for F. 

Tar ■ dzkzi = qaR~l\zsdzt + {q^a - l)zkdzi 

+ q^a^{l - 5'j^T)zkZi^% 
+ q^{l - as'_^T)zkZin^_ 

dzp* = q-^a-^Ri\zldz: + {q-^c,-^ - l)zldz* 

-ha~2(l - as'+T)zpl^}^_ 

dzj^Zi = q^^a^^R^l\z*dzt + {q^a - \)zkdzi 

- q^a{l - 5+T)zkzfn% - aTq^^5ki^% 

- a~^(l - q^a5+T)zkZ*^^_ - Tq^^6ki^^_ 

dzlzi = qaRl\zsdz^ + {q^'^a^^ - l)zl.dzi 

- q^a{l - 5+T)zlzinl - q^^arSkinl 

- a-\l - q^a5+T)zlzin^^ - q^^T6kin^_ 

: dzkZi = qaR~l!iZsdzt + {q^a - l)2;A,.d2;; 

dzpi = q-^a-^Ri\ztdzt + (q'^a'^ - l)z;!dzf 
(3) +q^u;-^zlztn^_ 



(2) 



dzkzl =q '^a '^R kiZ*dzt + {q^a - l)zkdz^ 

— q^azkzlVt\ - a~^ZkZiCl 

dzlzi = qaRl\zsdz^ + {q-^a^^ - l)zldzi 

- q^azlziQ% - a~^zlziVt^_ 



T'^^ :dzkZi = q ^R l]zsdzt +uJZkZin% + {q'^ujil; - l)zkZin^ 

^ dzlzi = qRi\ztdzl + (V - q')zlzinl + t^^^-^^^r^^' 

dzkzl = qR~f.\zldzt - Zkzfn^ - q^Zkzl^^_ 

dzlzi = q-'^Rl\zsdzl - z^zi^l.^ - q^z^zii}^ 
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r'^; : dzkZi = q-'R-psdzt - q-''^{s'+g - l)zkZinl - ^{s'+t - q^)zkZ0_ 

(5) dzkzl = qR-tiZ*sdzt - q~^Qq^Hki^\ - rq^Hki^^. 

+ {s+Q - \)zkzl^l% + g^(s+r - \)zkzlQ^_ 

dzlzi = q-^R^^Zsdzt - q''''-^g5kin% - g^^r^^^S 

+ {s+Q - l)z*zinl + q'^{s+T - l)z*zin^ 

In the following three families of calculi, dzj, dz* still generate F as a left module 
but no longer as a free one. Instead, all left-module relations are algebraically 
generated by + AO^ = where A is the (real) parameter of the families of 
calculi. 

fx : dzkzi = qX-^R-psdzt + (g^A-^ - l)zkdzi + q^X'^X'^ - l)zkZin% 
dzlzl=q-'XRl\ztdzt +{q-'X-l)z*dz* - (A - l)^^^ 
dzkz* = q-^XR-'^izldzt + (g^A-i - \)zkdz* - (g^A"! - \)zkZ*^l 
dzpi = qX-^Rl\zsdz; + (g-^A - l)zldzi - (g^A-^ - 1)^^;^^^ 

f'^ : dzkZi = q-^R'^iZsdzt - X~\q*X-' - l)zkZinl 
dzlzl = qRi\ztdzt - g-2A(g4A-i - l)zlztnl 
dzkz* = qR^l\ztdzt + (g^A-i - l)zkz*^% 
dzlzi = q-^Rl\zsdz; + (g^A-i - l)z*Zifi| 

f';;,A0{O,oo}: 

dzkZi = q~^R~^f!iZsdzt 

dz^zt = qR^izldz*t 

(8) dzkz* = qRr^izldzt + g-V+-'(g4A-i - \)q^^5ki^% 

-5V-^(g2^+2^-i-l)zfczr0S 

dzlzi = q-^R^iZsdzt + g2^-2sV-i(g4A-i - l)^^,^! 

-sV-^(g2^+2A-i-l)z*z,J^S 

f^' : dzkZi = q-'^R-i]zsdz; 



(9) 



Q : ULZkzi = q n, j^iZgUZt 
dzlz* = qktiztdzt 

dzkzl = qR'l\zldzt - g-2^+2sV-^g2^5fc,J7S + q\\-\^z*n^_ 
dzlzi = q-'Ri\z,dzl - gV+-^5wOS + qh'^-'zlzin^_ 



f '4 : dzkZi =q ^R lUsdzt 



(10) 



kl 

dzkzl = qR-iUtdzt - q-h'+-\^HM^\+5'+~^Zkzl^l 
dzlzi = q-^Rf^Zsdzt - g2^-V+-^(5wOS 
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To compute restrictions of these calculi to the sub-algebra CP^ ~ , we exploit 
the results of the preceding section. We rewrite dxij ■ Xki and all the 27 sum- 
mands occurring on the right-hand side of (|l|) in terms of the generators of 
Sg^~^ via the embedding Xij = ZiZj and Leibniz rule. After transforming all 
these terms to left-module expressions by applying the bimodule structure of a 
given differential calculus over S^^~^, the ansatz equation ([!]) is written in left- 
module expressions from the Sg^~^ calculus. By comparing coefficients (care- 
fully observing given relations), it is easily determined whether equation ([!]) can 
be satisfied for appropriate values of the coefficients oi, 02, ... , c. — Moreover, 
since relations in a calculus must cancel out invariant subspaces for certain co- 
representations, one can find out which relations occur in a restricted calculus 
also by rewriting expressions for morphisms in terms of S^^"^ and checking 
whether some of them become zero. 

We demonstrate the procedure for Tar with the bimodule structure (^). For 
abbreviation, let := aJl^ -|- 17^. From the equalities 

dxij = q^^a^^R^fjZ*dzt + q^azidz* — q^a{l — s+rjzjZ*^!^ 
N 

q^'^^Xikdxkj = azidz* - a(l - s'_^_T)ziZ*Q,^ + s'_,_rzjZ*il^ 

k=l 

N 

^ bc-'^ ia-'^aj-^st'^Xuv 

a=l 

= a~^R~fjZ*dzt + qa5'_^_TZiZ*Q^ — qa~^{l — as'_^T)ziZ*0,^ 
it can be seen that the relation 

N N 

dxij = q'^Yl q-'^^Xikdxkj + q'^ ^ R-l'^Rrf^R^^jXstdxuv 
(11) k=l a=l 

5'| 1 2 ■ 

holds. This implies immediately that the morphisms corresponding with the 
coefficients ai, 02, 03, 04, /i, /2, /s, fi in equation (|l|) are linearly dependent 
on the other ones and can be omitted. We therefore continue by rewriting 
expressions from the right-hand side of (||) — i.e. the summands that can occur 
in the bimodule structure of a covariant differential calculus over CP^~^ — in 
terms of the generators of S^^~^. 

dxij ■ XM = q-^a-^ R-^l' R-'i^i.R-l^ztztzldZy 

+ q^aKfR%ZiZtzldzl + {q^ - q'^a~')ziZ* z^z^Q^, 

- q-'T6abq'''R-t^R'^iRf,ZsZ;nl - q^^+\6,kZ^ztnl 

- q-'^T6ijq^^ZkZ^nl + {-q^ + r + + q^5+T)ziZ* ZkZ*i^l 
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-tyijkl ^ bc^ za^aw-^xy-^st'^-'^uv — H'-'^ ^ hi ^ ak^ ij ^s^t^u'^^v 

+ a5\TZiZ*Zkzl^l\ — ar^{l — as'_^_T)ziZ* z/^Zi^l^ 
■B'ijki X/ 9 '^^ XgfXuw'ixwy = q ^aR^i Ft'Jl.ZiZtZy^dz^ 

w 

— qa{l — 5'_^_T)ziZ* ZkZiO,^ + q5'_^_TZiZ* ZkZiO,^ 
which, together with the preceding equations, imply 

rl-r • • . -r, , — jjXyzw fj-tu f)-sb f>cv i 
u.Uyjj jjf^i q ii-ijkl bc^^ za^^aw^xy^ sf^'^^uv 

y i^ijkl " ■^st-^uw'~''-^wv 

(12) 

= -5'^-\q-h^^Xi,XM + q~'6abq^''R~tcRdlRfkXst 
+ q^^^'^djkXii + q~'^Sijq'^^Xki)Q 

and therefore the bimodule structure of f stated in Theorem [I]. By rewriting 
all the morphisms from the right-hand side of (|l]), it is easily seen that they 
display no more linear dependencies than those implied by the relation (PH). 
From these considerations, it is clear that F is the restriction of Fq,^ to the 
subalgebra CP^~^. 

Doing completely analogous calculations one proves the other restriction 
statements of Theorem |l]. □ 

7. Proof of the classification theorem 

Our proof of Theorem ^ is organised in four parts. The first part deals with 
the possible coefficients in the classification constraints of the second and third 
case while the other three ones are devoted each to one of the constraint settings, 
showing that in each case there exists one uniquely determined calculus. 

7.1. Determination of possible coefficients of the constraint relations. 

First we show that if all left-module relations in a covariant first order differential 
calculus are to be generated by one family of relations of type 

N N 

dxij = AY^ q'^'xisdxsj + ^ ir^^^R~tR''^jXstdxuv + CxijQ + D5,jq^^Q, 

s=l a=l 

then the coefficients B, C, and D have to take the values which hold for F. 
In fact, substituting dxjk in ^ q'"^^ Xijdxjk by the above relation yields 

N N N 

q~'^^Xijdxjk = A^q~'^^ ^ q~'^''xijXjsdXsk 

j=l j=l s=l 

N N 

+ B q ^-^ R l^R j^R'^f.XijXstdxuv 

j=l a=l 
N N 
+ C ^ q-'^^XijXjk^ +dY^ q^'^^djkq^'^n 
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TV 

= q~'^A'^q~'^^Xijdxjk + {q~^B + q~'^C + D)xik^ 

which imphes by coefficient comparison 

A = q'^; q-^B + q-^C + D = 0. 

An analogous substitution for dx„^ in ^ R~*i^R~f^R'^jXst<ixuv leads to 

a=l 

N N 

a=l a=l 

+ {q-^A - (g2 - l)B + q-^C + qD)xijQ. 

and therefore 

B = q-^; q-^A-{q^ -l)B + q-^C + qD = 0. 

By inserting the values of A and B, the last equation simplifies to 

q-^C + D = q-^. 

N 

Finally, inserting the assumed relation in ^ dxu = gives 

1=1 

N N N N 

1=1 j=l 1=1 a=l 

N N 
+ C^XiiSl + D^q^'n 

i=l i=l 



and thus 



(A + g5 + C + q^S+D)n 



= A + qB + C + q^S+D = q^ + q^s',D 



which implies 



Si Si 



If all left-module relations in a covariant first order differential calculus are 
assumed to be generated by the relations 

N N 

Axij = >1 E OT^'xisdxsj + bY^ R-^i^R-'^R'^^Xstdxuv 

s=l a=l 

= 0, 

similar (just easier) calculations as above lead directly to 

A = q^] B = q-^. 

Now we can prove the classification results for the different constraint set- 
tings under consideration. To accomplish this, we use the respective bimodule 
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structure ansatzes and relations to evaluate necessary conditions which result 
from the definition of differential calculus and the algebra structure of CP^~^. 
Since it appears hopeless to do by hand the extensive calculations involved 
(perhaps except for the case of the most reduced classification constraint), a 
special-purpose computer algebra program written by the author was employed 
to carry out the substitutions and term-reductions with R-matrices. It should be 
emphasised that only substitutions of R-matrix expressions via given relations 
were done automatically, a detailed discussion of the reduction strategy thus 
being not necessary. The linear independence of the summands in the resulting 
expressions was checked manually. Because coefficients have to be compared for 
expressions containing R-matrices and Xij, dxij with up to 6 free indices, linear 
independence is clear in some cases only for > 6; that's why this assumption 
is made in the uniqueness statements of the theorem. 



7.2. Case (iii) . By the assumed relations, the general ansatz dU) is reduced to 



12 summands: 

dxijXki = ar,6jkY,q~'^''xisdxsi + a(i6jkY,R~biR~iaKlxstdxuv 

s a 

+ o-r^jk^ia^uYl q~'^^Xstdxtv + a^Y^RabR'bc^ij^'ki^stdx^^ 

t b 



(13) 



+ ei5ijq ^^J2l~^'xksdxsi + e2Sijq ^^J^R b'cR kaRal^stdXuv 

s a 

+ e3Skiq'^''J2(l~^'^is<ixsj + eA6kiq~'^^T.R~b'cR~faR7jXstdXuv 

s a 

dxsi + b2Rijki Q "^^XstXuwdxwv 

s w 
+ hJ2R~bcR kaRal^ij^stdXuv + hBijkl R'b'cR' faR^u^xyXstdx^ 



We use the following necessary conditions for first order differential calculi 

q 



on CF^-^ (1 < i,j,k,l,m < N): 



(14) (^^dxi^Xjk = 

N 

(15) dxij ^ Xkk - dxij = 



k=l 

N N 

(16) ^ q'^^Xijdxjk - q'^dxik + ^ q~'^^dxij ■ xjk = 

(17) dxij ■ Xki + Xijdxki - qR ijl'j^idxst ■ Xuv + Xstdxuv) = 



(18) dxij ■ Xki + Xijdxki - q'^R'ljkii'ixst ■ Xuv + Xstdxuv) = 

N 

(19) ^ q~'^"'dXij ■ XkmXml - q~'^dXij ■Xkl = 

m=l 
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N 



(the first two of which, as the last one, follow immediately from ^ xu = 1 while 

i=l 

the remaining ones are the result of deriving algebra relations via the Leibniz 
rule). Because of (13), we obtain from condition (pl|) 



TV 



= (as + g^^+^a? + q^5+ei + 6i) ^ q-^"'xjmdxr. 

m=l 

N 

+ (ae + q^^'^'as + qh+e2 + h) R'tR'faRak^stdx, 



a=l 



The two R-matrix expressions on the right-hand side are linearly independent 
such that we can compare coefficients to obtain two equations that must hold 
for the coefficients of ([l^). The other conditions are evaluated similarly. 

By this method, the first five conditions provide us with a (redundant) set of 
equations for the coefficients of 



bi + a5+ q^5+ei + g^^+^ay = 0; 
q^ h + qaj + as + g 5+63 = q ; q b4^ + q as + qa^ + q 5+64 



b3 + qae + qh+e2 + q^^^^c 



% + 63 + ei + g-^^s+ag = 0; 



r% = bi+q^] 



ei 



q ^aj] 



64 + qeA + qe2 + q 

2 -2A' 

g 63 = q 



~2N+l 



s+ae 



as; 



9^64 



,-2N+l 

er + (q-q-')a,-q-^^~^ 



ae; &4 = g ^^3 + 9 ^; q "63 = g ^aj] q ^64 



-2„ 

"7, 

2 i\„ -2N-1 



qe2 
1, 



2N 

a^-q ei 



as = 0; qe2 + {q - l)a8 - q 

2N-1/2 i\„ /I „-2 



ae 



9"" (9 - l)a7 - (1 - g "jas 



0; 



qaQ 



..2N-1 



62 - g^^(g^ - i)a8 -{q-q ^)a6 = 0, 



0; 
1; 

^ as; 
as; 
= 0; 



which is fulfilled if the coefficients depend on two complex parameters a, /3 via 



as 


= a; qq 


= P; 


a? 




-2N-A 






ei 


= q a; 62 


= q-'^'-'P; 


63 


bi 


= -{l + q-'^ + q- 


'2^-V)«; 


62 


bs 


= -(l + g"2 + g" 


-^^-V)/3; 


64 



-2Ar-3 



-2Ar-3, 



-2Af-2, 



-2N-2 I 



a; as 

"a; 64 = q~'^^~'^j3; 

-2N-3 



{q ^ + q ^ + q- 



s+)/3. 



By evaluating condition ( [19| ) using this two-parameter form of all coefficients 
and doing coefficient comparison, we obtain finally a = /3 = which makes clear 

that r is the only covariant first order differential calculus under this constraint 
setting. 
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7.3. Case (ii}. By the relations of this case, the bimodule structure ansatz (||) 



is reduced to 19 members, namely 

dxijXki = a^bjkY.q-'^^Xisdxsi + ae6jkJ2^~bc^~ia^Ti^st<ixuv 

s a 

+ a-rRfkR-fXE q-''xstdxt. + asEKiR~tcRtfR'ilxstdxuv 
t b 

+ agSjkdiiq-^^n + f^d^jdkiq-'^^-'^^n 

+ ei5ijq-^^J2 q'^'xkAxsl + e25^jq-'^^Y.R~b'cR~kaRalXstdXuv 

s a 

(20) + es^H^'^'^E q-'^'xisdxsj + e46kiq~^''J2R~bcR~faRajXstdXuv 

s a 

dXsl + b2Rijki q '^^XstXuwdXwv 
s w 

+ b^J^R bcR kaRalX'ijXstdXuv + b^R^jkl R bcR faR'awXxyX stdXuv 
a 

+ b^SjkXij^ + b^Rj^R laRu 

+ gAjq^^^XkiQ + g2Skiq~^''xijQ + cxijXki^- 

Now we evaluate again the conditions (|l^)-([T8|). By carrying out the coefficient 
comparison completely (for all morphisms appearing) for (0) and (|l|) but only 
in part for the first three conditions (since some of the expressions are very 
lengthy), we obtain the equations 

6i + as + q'^s+ei + q^^^'^aj = 0; 963 + qa^ + q^5+e2 + q^^^'^ag = 0; 

1 

q~ 62 + qar + + q 5+63 = q ; q bi + q a% + qa^ + q 5+64 = 1; 
q^%i + 63 + ei - s+as = 0; 64 + 964 + qe2 - qs+aa = q~'^; 

q-^b2 = bi + q^; 
qe2 = as; 

64 = g~^&3 + 5~^; 

q'92 = q-'^'b, + qh', 
qe2 = q''^^~^aQ - {i 
q'^92 = q'% + q'^s'^ 

which reduces the number of independent coefficients to 7, namely 07, as, ag, 
^ii 63, ^6, and c, via the relations 



ei = 


q ^a? 




9^63 




-2N 

q as; 


9^64 = 




'^ae; 


91 




q~^be; 


q^'^es = 


q'^aj 




q'^ei 




as; 




ei = 


^-2N^ 


^as - 


{q 


- ^"^)a7 


- l)as; 


91 = 


g-2N^ 


X- 


(q 


-q-'W, 




ag = 


„2N+2 f 

-q /5 







as 


= g^^+^a7; 


ae 


— q as, 


62 


= qbi + q^; 


64 


= q~% + g"^ 


ei 


= q~^aT, 


62 


= ^""^as; 




= qaj; 


64 


= gas; 


65 


— q 06, 


h 


_ -2N-2^ . 

— q ag. 


91 


= q'^be; 


92 


= qbfi + s'^^^. 
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Further information is obtained from the condition 
(21) 

N N 

^ q^'^'^Xim^Xmj ■ Xki + q'^ ^ R'l'^R~f^R''^jXstdxuv ■ xui - dxjj ■ Xki = ^ 

m=l a=l 

which is, of course, specific to this particular constraint setting because it is 
derived from the imposed relation. This equation leads to a-j = = hi = = 
ag = leaving just two parameters and c. With these simplification, we do 
the remaining coefficient comparisons for condition (14) and obtain 

52 — U, c — -q - q - (g5+ + q +q jOg, 

therefore finally as the unique solution the coefficients of T. 



7.4. Case Ki)| (free left module). This is the most difficult case to handle. 
Here, the full ansatz (||) with 27 unknown coefficients applies. We start by 
evaluating the conditions (|T7|) and (p^). Coefficient comparison leads to the 
following equations for the coefficients of (||): 

/i; 



as 




qai + q; 


04 


= qa2; 


h = 


q-'f2 




h = 


q~ 


~2N-2 








ei 


= q'^ar; 


es = 


g^2N- 


^as; 


62 = 


q~ 


'^as; 


64 




q ae, 


91 


= q'^be; 


92 = 


q-2N- 




h = 


q~ 


^2Af-2 


a2 




q~^ai + q~^; 


04 


= q^'^as; 


h = 


qf2] 




54 = 


q~ 








qaj; 


64 


= qas; 


92 = 


qba; 












h 


= q-'^'-'fl 


-{q 


-q-')f2; 


ei = 


g^2N 


"^as 


-(g- 


q~ 


"')a7; 




62 


= q-'^'-'a. 


-{q 


- q~^)a8; 


91 = 


q-2N 




-{q- 


q' 


')b,. 



ag; 



Using these equations, we can rewrite the coefficients of the ansatz as dependent 



on only 9 parameters 


a, /?, 


7 


(^1, <52 




c 


and c via 








a\ = a — 1; 


a2 






as 




ga; 04 = 


a 






as = 


ae 






a? 




g-2^-3/3;a8 = 




^2N- 




-2N- 

ei = q 


'/3;e2 




^-2iV- 


4 

7; es 




g-2^-2/3;e4 = 


q~ 


-2N- 




(22) 61 = <52; 


b2 




g^2; 


6s 




^s; bi = 


q~ 


-% 




bs = e; 


be 










q £,92 — 


q~ 


-2N- 




/i = C; 


f2 




~2N- 

q 


'C; /s 




q c 1 /4 — 


q~ 


~2N- 






h 




q 


^(5i;ag 




5i. 









Moreover, from (IT 



we obtain the conditions 

„2 



/i + ai + g^s+/3 + (7^^+72 
as + qa2 + q s+ei + g ^07 



-•i 



T 2 

03 + ae + 03 + g 5+62 + q 

C + 65 + &4 + 962 + + g 



2Af+l, 



2N+1. 

06 
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92 + qeA + 63 + ag + g^5+/5 = 0; 
which lead to further dependencies between the parameters, namely 
a = l + il + q-^ + V)C; 
52 = -a - (1 + q-^ + q-^^-h+)f3- 

(23) 53 = -ga-(l + (?-2 + g-2^-V)7; 

e = -p-q-f- {q^ + q'^5+)6i; 
C = -qH^ - q-'Ss - (1 + q-^ + q-^''-h+)e, 
which we shall leave aside for the moment. Instead, we evaluate the condition 

(24) qR f^iri^r^Axij • XgtXuv dxj^ ■ Xj^ix^^ — 

with the system of coefficients reduced only by (^). This leads to 

e = 0; /5 = 0; 7 = 0; C = 0; (^i = 0, 

thus simplifying (|23|) to 



a = 1; §2 = -1; 5^ = -q; c = + 1. 

Backtracking the substitutions gives the coefficients of the original ansatz to be 
ai = 0; a2 = q~^; 03 = q; = I; 

h = -1; 62 = -g; 63 = -q; 64 = -1; 
c = q^ + l; 

a5 = ae = ar = as = ag = 0; 65 = &6 = 51 = 52 = 0; 

ei = 62 = 63 = 64 = 0; /i = /2 = /3 = /4 = /s = 0. 

By testing the complete list of necessary conditions (again with computer- 
algebra reduction) one checks that all of them are fulfilled; thus the coefficient 
system obtained describes in fact a differential calculus, with the bimodule struc- 
ture being as described in Theorem |2[ case [i]. This check is required only in 
this case since the corresponding statement for the other two cases is covered 
by the assertions of Theorem |l|. This completes the proof of Theorem |2|. □ 

8. Conclusion 

The description of first order differential calculus on the quantum projective 
spaces forms the first step on the way to an investigation of their noncommuta- 
tive geometry. Higher order differential calculus would be the next indispensable 
pre-requisite for formulating basic concepts of differential geometry on CP^~^. 

At the same time, the results proved here together with previous results B, 



1 11] draw an outline of how covariant first order differential calculus on the 
^i,or.+,irv, "-j-Q^p SUg(A^) aud thc related quantum homogeneous spaces Sg^~^, 



QpAf-i -g }jjj]jg(j g^j^^ jjQ^ different closely related quantum spaces may behave. 
To illustrate the latter, remember just that on CP^~^, differential calculi are 
essentially uniquely determined while on S^^"^ there was a vast variety of para- 
metrical series of them. 
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